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INTERPOLATION FORMULA FOR THE THICKNESS OF A SHOCK FRONT 
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Zhurnal l>rikladnoi Mekhaniki i Tekhnieheskoi Fiziki, No. 6, pp. 125-129, 1965 

The problem of the thickness of the discontinuity or 
the structure of a shock wave cannot be solved exactly 
even in the simplest case of a gas of elastic spheres. 
This explains the interest being shown in assumptions 
which simplify the solution of the kinetic equation for 

a shock wave (as in the well-known Mott-Smith solu- 
tion). In what follows an attempt is made to restrict 
the argument to the general principles of statistical 
mechanics in order to describe the thickness of the 
shock (without describing its structure quantitatively), 
making use of simpler, but less likely assumptions. 
The concrete examples will only be rough illustrations 
of the proposed method [i] of evaluating the thickness 
of the shock in various media. 

1 ~ For a certain class of processes, to which 
shock waves also belong, we postulate, the intuitively 
clear and fairly general* condition that they are ma- 
croscopic in the form of an inequality between the 
characteristic phase space of the whole macropro- 
cess and the average phase space of the particles of 
the medium (figure) 

h / S' . .  

where the sign ~ is to be understood as the ideal-gas 

approximation. The states separated by the unknown 
thickness of the discontinuity ~x (the brackets <... > 
signify an average taken over this thickness), over 

which the average  pa r t i c l e  m o m e n t u m  v a r i e s  by Apx , 
a re  ind is t inguishable  if th is  condit ion is not fulfi l led. 
It is i n t e re s t ing  that the wel l -known p rope r ty  of weak 
shocks,  in which the entropy of the pa r t i c l e  S/N v a r i e s  
inapprec iab ly ,  may be deduced d i rec t ly  f rom the ne -  
c e s s a r y  condi t ion 

<6~Spx> const { M - ~ i  } 
Ax ~ ~ ---> u l - -  u~ -> oc, hpx  ~ rn (u l__  u~)__> 0 o 

The Rankin-Hugonia t  r e l a t i on  for s t rong  shocks 
gives Ap x = 5p~x ~ff (here f is the n u m b e r  of degrees  
of f reedom of a pa r t i c l e  (molecule) in the med ium,  
which is a s sumed  to be fixed), i . e . ,  for a shock 
Mach n u m b e r  M ~ =o, inequal i ty  (1) reduces  to the 
t r i v i a l  condi t ion of mac roscopy  or cont inui ty  

A~> <Sx> ~ (2) 

*Generally speaking, the definition of macroscopy 

is not unique (see [2,3], etc. ). Condition (1) is suf- 
ficient by reason of the fact that it is invariant re- 
lative to canonical transformation of variables ap- 
pearing in it, as distinct from condition (2), which is 

trivial. 

Here the sign ~ r e s u l t s  f rom the fact that the inde-: 
t e r m i n a n c y  of the posi t ion of a molecu le  cannot  be 
less  that the average  d i s tance  between molecu les ,  

. :  J i  . _ - :  
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A typical  " ins tan taneous  snapshot"  in p h a s e -  
space g of the s t r u c t u r e  of the d i scon t inu i ty - -  
in the approx imat ion  of local  t he rmodynamic  
equ i l ib r ium.  The i nde t e r mi na c y  of f inding a 
molecule  in phase space is shown by the r e c -  
tangles .  The cont inuous curve  shows the 
change in the average  (hydrodynamic) v a r i -  
ables .  The shock wave propagates  in a gas of 
e les t i c  spheres  (~ = 3.10 -1~ m, (N/V)I~1027 m -3) 

with the m o l e c u l a r  weight of argon.  The 
wave veloci ty is ~5800 m / s e c ,  the degree  of 
c o m p r e s s i o n  is V1/V 2 ~ 4, T2/T 1 ~ 100, 
6P~x ~ 105Plx ~ m (2500 m / s e c ) ,  6x 1 ~ 10 -~ m, 

~2 ~ 6X2 ~ 6.3 .  10 -1~ m. 

For  a cold med ium (when S/N - -  0) the gene ra l  
condit ion for the med ium to be ma c r osc op i c  coincides  
with HeisenbergTs i nde t e r mi na c y  r e l a t ion  

AxApx ~ h/2n . 

2 ~ The s imp le s t  r e l a t ion  sa t i s fy ing  condit ion (i) is 
a l i n e a r  one, which is postulated here ,  

AxApa ---- A <6zSpx> , 

<Sx6p~> A h  < 3 - ~ >  
: or 5x = A Ap x NAp x2• exp . (3) 

For  c e n t r a l  i n t e rac t ions  of the molecu les  the p a s -  
sage of the medium to a new equ i l ib r ium state (more 
exactly,  the r a ndomi z i ng  of molecu le  ve loc i t ies  over 
the th ree  coord ina tes )  r e q u i r e s  a m i n i m u m  of two 
co l l i s ions  per  molecule  on the average ,  s ince a s ingle  
co l l i s ion  can change the par t i c le  ve loc i t ies  only in the 
plane of in te rac t ion ,  i . e . ,  on exper i enc ing  one more  
co l l i s ion ,  a molecu le  (of the type of an e las t ic  sphere)  
may "forget  H its previous  d i s t r ibu t ion  (cf. [4]). 
Whence the m i n i m u m  "roughness  of approximat ion"  
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of the desc r ip t ion  of the d iscont inui ty  in t e r m s  of the 

v a r i a b l e  (Ax, Apx), 

is 

AxApx Az APx 

lira ~ ~ - -  
(u-~oo) <6z> (V ] Nh '/' -- [ ~  ~ 1 ~  J "~ \ N h 

for a gas of spheres  with fixed d i ame te r  ~. 
If the i n d e t e r m i n a n c y  of pa r t i c le  momen tum [5] in 

the med ium 6px = ~v~----TT, then for A independent  of 
the s t reng th  of the shock, we obtain the following 
rough e s t ima t e :  

Axmi n _ limA <(_~)'/, > Ap x (mkT) % ~ 2~,1 ]/'~u~ --  U2 --> 2~a 

(M-* ~) .  (4) 

A o n e - p a r a m e t e r  form of this e s t ima te  of the 
m i n i m a l  shock th ickness  

2<~> u 2._.I/5)(M 2+3)~2<~> (M~cr (5) ~Xmin ~ M 2 -- l 

is obtained* for the more  genera l  condit ion A ~ <h> if 
we use the Rankin-Hugonio t  r e la t ion  and  the equation 
of s tate  of an ideal  gas w i t h f  = 3. In the " e q u i d i s t r i -  
but ional  N approximat ion  fo rmulas  s i m i l a r  to (5) a re  
obtained for an a r b i t r a r y  n u m b e r  f of degrees  of 
f reedom of the molecu les  on the condit ion that the 
medium in a one -componen t  gas (see below). 

The mIn ima l  e s t ima te  of the th ickness  of an i s e n -  
t ropic  wave (when the equ i l i b r i um states  a re  re la ted  
by R i e m a n n ' s  invar ian t )  should be s i m i l a r l y  deduced, 
and r e p r e s e n t  the l imi t  of appl icabi l i ty  of the i s e n t r o -  
pic desc r ip t ion  of the p rocess  of i nc r ea se  of the slope 
of a R iemann  wave. Here Liouvi l le ' s  theorem plays 
a pa r t  s i m i l a r  to He i senbe rg ' s  i nde t e rminaney  r e l a -  
tion. When the f ront  of an i sen t rop ic  wave becomes  
s teep enough, then we may expect,  quite independent ly  
of the form of the d i ss ipa t ive  " m e c h a n i s m s , "  the 
deve lopment  of fa i r ly  s t rong  "phase mix ing ,"  which 
may  (for example ,  in a p l a sma  with a magnet id  field) 
be accompanied  by osc i l l a t ions  of the p a r a m e t e r s  Of 
the medium.  Apparent ly ,  the e s t ab l i shmen t  of a 
s t a t i ona ry  and equ i l i b r i um state l a s t s  apprec iab ly  
longer  than the re laxa t ion  t ime in the d iscontInui ty  
(cf. [7]). However,  we s t r e s s  that it has not been 
v igorous ly  demons t r a t ed  that r ea l  shocks are  s t a -  
t i ona ry  for any medium.  

*This i s  equiva lent  to a s s u m i n g  that the Reynolds 
n u m b e r  r e l a t ive  to the th ickness  of the shock (cf. 

[61) 

huAx AuAx huh~ <Sz> APx A~r i 

is independent  of the n u m b e r  M of the in i t ia l  flow In 
the coordina te  sy s t em of the shock. 

In a "eo l l i s ion le s s"  p l a sma  c o u n t e r - b e a m s  of ions 
a re  formed when a R i e ma nn  wave i nve r t s .  Judging by 
ce r t a in  theore t i ca l  ([8], etc. ) and expe r imen ta l  [9] 
data a co l l i s ion le s s  shock may a r i s e  whose m i n i m a l  
th i ckness  is  e s t ima ted  by the La r mor ,  Debye or  ion 
c h a r a c t e r i s t i c  rad ius  r .  For  such a shock, moving 
ac ros s  the magnet ic  f ield In an ideal  p l a sma  (when 
one t r a n s l a t i ona l  degree  of f reedom of the charged 
molecule  may be d i s regarded) ,  the e s t ima te  is of the 
form 

C <r> 
A~min= MZ__ i V(M2--xhi(M~-}-2)---)C<r> ( M - - ~ ) .  (6) 

Allowing roughly for the fact that the medium has 
two components  

_ ( re, r0/,/, 
C ~ \ meTi ] 

(here i r e f e r s  to the ions,  e to the e lec t rons) ,  although 
the effects noted in[10], together  with o ther  effects ,  
may r e s t r i c t  the appl icabi l i ty  of this fo rmula  for C. 

The ques t ion  of the expe r imen ta l  ve r i f i ca t ion  of 
such e s t ima te s  is a s  yet  open, s ince the i n t e r p r e t a -  
t ion of  the r e su l t s  of a s t r o -  and geophysical  o b s e r v a -  
t ions and e xpe r i me n t s  in shock tubes and other de -  
vices is n o t s o  s imple  (it suffices to r eca l l  the example  
[11] of the r e j ec t ion  of p rev ious ly  widely accepted 
data concern ing  the s t ruc tu re  of the d iscont inui ty  in 
a "collisionless" plasma). 

However, verification if possible in the case of a 
medium comparable to a gas of elastic spheres (i. e. , 
for (4), (5)) which does not manifest appreciable de- 
partures from the results of calculations of shock 
structure carried out by the Monte-Carlo [12] method 
(computational experiment with molecular spheres). 
For example, formula (5) gives for the thickness of 
the shock (for ~k> = kl): 

M = i i.5 2 3 c~ 
X(5) .~oo 2.625 1.72 1.28 1.00 
X[I~]~ i 0  2.425 1.53 i.3 ? 

(here X -= Ax/2Xl). S imi la r  ver i f i ca t ions  of the bas ic  
assumpt ion  (3) compel  us to invest igate  its app l i ca -  
b i l i ty  to other media  also,  for example ,  to c ry s t a l s  
(then X is the free path of quas ipa r t i c l es ) .  

3 ~ . De te rmina t ion  of the range  of appl icabi l i ty  and 
a s t r i c t e r  inspec t ion  of the consequences  of postulate  
(3) allow us to Indicate a c lass  of d i ss ipa t ion  m e c h a -  
n i s m s  to which an expansion ru le  of the type 

~ >  F~2 ~ (7) 

also extends, as well as other assertions associated 
with postulate (3). 

The tending of the shock thickness of some char- 
acteristic length (for example, the mean free path), 
as the number M increases, is apparently caused by 
two basic concurrent factors: the macroscopic (hy- 
drodynamic ) tendency towards lesser shock thick- 
nesses (the factor F) and the existence of a micro- 
scopic mechanism for establishing a new and still 
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more  distant* equ i l i b r ium state  (in (7) the factor  
(X)). Thus for dissipation with central interactions 

between molecules, i.e., forces ~I/R s, the absolute 

shock thickness may be minimal at moderate M, since 
the free path 

)~(T, IV /V)~(T2/~'-~))/(IV /V)-, ~o { T-~oo 
(~>s>2) l N/~, ~,~ 

(ef. [13,14]). Here the roughness of approximation or 
the "dimensionless number of states" A behaves like 
the shock thielmess 

A ~ A x . ~  < ~ , ) - - ,  o o .  

In p a r t i c u l a r ,  for Maxwel l ian  molecu les  (S = 5), 
this  approx imat ion  provides  a s imple  f o r m  for the 
r e l a t ionsh ip  to M (see [15,161); 

lira A~mi n ~ )~ ~ T 2  V~ ~ M ---) ~ . 

The g r e a t e s t  g rad ien t s  of a shock profi le  with a 
" the rmodynamic"  th ickness  lira Ax ~ Xl + X2 wil l  
c l ea r ly  be de t e rmined  by the s m a l l e s t  of the paths, 
i. e . ,  by the path Xl in the case  under  cons ide ra t ion  
(el. [171). 

4 ~ An in t e r e s t i ng  consequence  of postulate  (3) is 
the prediction of the widening of the shock as a re- 

sult of a purely nonequilibrium effect, the existence 
of which does not depend on the dissipation mecha- 

nism. This effect may be explained with the help of 

the following loose discussion. If the average phase 
volume per unit molecule inside the shock is eva- 
luated (as in the simplified transition from (3)to (4)) 

according to finite values of (S/N) 2 and 5P2x, inde- 

pendent of the structure of the shoek, then large 
estimates of the thickness Axmi n correspond to large 
departures from local equilibrium within more in- 

t ense  shocks.  Thus the m i n i m a l  th ickness  should be 
obtained in l o c a l - e q u i l i b r i u m  models  of shock front  

s t r uc tu r e .  
This  a s se t ion  is based  on the fact that  the ent ropy 

a t ta ins  a m a x i m u m  for an equ i l i b r i um Gibbs d i s -  
t r ibu t ion  over a fixed phase region.  Thus i t  is c l ea r  
that the m i n i m a l  e s t ima te  of the size of the phase 
volume,  i . e . ,  the m i n i m a l  value of Ax also (for a 
fixed i n d e t e r m i n a n c y  of momentum) ,  should c o r r e s -  
pond to a fixed e s t ima te  of ent ropy (as in our case)  
p r ec i s e ly  for a l o c a l - e q u i l i b r i u m  shock s t r u c t u r e .  
The d i f fe rence  in the e s t ima t e s  of the shock th ick-  
ness  from the Navie r -S tokes  and kinet ic  models  [17-  
211 conf i rms  this .  S imi i a r  gene ra l  a rgumen t s  tend 
to suppor t  the a s s e r t i o n  that the ent ropy peak p r e -  

dieted by l o c a l - e q u i l i b r i u m  models  (el. Fig. 10 in 
[12al) d e c r e a s e s  as depa r tu r e s  f rom local  equ i l i b r i um 

within the shock become l a rge r .  

*By defini t ion the shock sepa ra t e s  equ i l i b r ium s ta tes ,  
and so, s t r i c t l y  speaking,  Ax = co for any shock Maeh 
number .  However,  we a re  i n t e r e s t ed  in the effect ive 
th ickness  of the shock s e p a r a t i n g  s ta tes  which a re  
fa i r ly  c lose  to the boundary  equ i l i b r i um s ta tes ,  

5 ~ . For such media as plasmas, which are still 
problematical in many respects, the accuracy of the 
estimate of the shock thickness depends on knowing 

the equilibrium state at least. This is equivalent to 

knowing the statistical sum or the phase volume of 
the subsystem under consideration. For transitions 
from (3) to (4)-(6) we must know the number of de- 

grees of freedom for particles of the medium (in 
order to solve the problem even in the approximation 

of equal distribution of energy). Taking into account 

the electrostatic interaction of particles in a plasma, 
for example, gives a smaller value of the equilibrium 
entropy (Debye approximation--see [22]), i, e. , a 
lesser estimate of the thickness of a shock with the 

same finite temperature. Quasiparticles, among 

which fluctuations of the electromagnetic field must 
be counted, may make a substantial contribution to 

the entropy of the plasma (el. [23], etc. ). We also 
note that the "hydrodynamic relaxation time" in a 

plasma may turn out to be appreciably less then the 

time for establishing local thermodynamic equili- 
brium [24]. This requires us to refine our concept 

of the thickness of the shock, and will probably render 
the interpretation of experimental data more difficult. 

An experimental verification of the thickness of 
the shock is not a trivial matter, not only from the 
point of view of the ambiguity of the thickness concept 
[6], but also because of the possible interference in 

the Shock compression process due to the measuring 

process. For example, a wire-resitance type probe 

may bring the state within the shock closer to local 

equilibrium and even "confirm" the theory of shock 
structure in the Navier-Stokes approximation. 

The purest measurements may be expected to 
result from the application of quantum oscillators 
working at d i f fe rent  wavelengths (in inves t iga t ions  of 
the shock s t r uc t u r e  in solids in the g a m m a -  and X-  
ray  range) .  

The author thanks K. E. Gubkin and V. S. 
Imshennik  and the coworkers  of the Theore t i ca l  Di-  
v is ion  of the ins t i tu te  of Phys ics  of the Academy of 
Sciences  Latvian SSR for the i r  s t imula t ing  c r i t i c i s m .  
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